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ABSTRACT
We consider connection-preserving actions of lattice subgroups of SL,R
on compact Riemannian manifolds, for n > 3. The main result gives a
description of such actions, when dim M = n + 1, as follows: Either the
action preserves a smooth invariant Riemannian metric on M or it can be
described in terms of linear actions on the n-torus.

0. Introduction

Let G be a simple Lie group of R-rank> 2 and I a lattice subgroup of G. Assume
that I acts on a smooth, compact manifold M via diffeomorphisms that preserve
some volume density. Also assume that the action is not finite, i.e. it does not
factor through a finite quotient of I'. For such setting, R. Zimmer ([Z3]) asked
the following question: Can the action of I' be described in algebraic terms, or
do there exist genuinely (differential) topological examples?

This issue of rigidity of actions of higher rank lattices has seen much recent
progress, and we mention in particular the papers [H], and [KL1}, [KL2], which
bring into play ideas from the theory of hyperbolic dynamical systems.

In the present paper we consider actions of lattice subgroups of SL,,R on Rie-
mannian manifolds and the main assumption we explore is that the group acts
by connection-preserving diffeomorphisms. The principal ingredient in our argu-
ment is Zimmer’s superrigidity theorem for cocycles and one important step in
the proof is to obtain a smooth version of that theorem under our assumptions.

Before stating our results we point to the following theorem proven in [Z1].
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THEOREM 0.1: Let T be a lattice in SL,R, n > 3.

(1) Let M be a compact manifold with dim M < n. Then any action of T on
M that preserves a volume density and a connection is finite, i.e. is an
action by a finite quotient of T.

(2) Let M be a compact, connected, Riemannian manifold with dimM = n.
Suppose T acts on M by volume preserving, affine transformations. If the
action is not finite, M is flat and T is commensurable to (a conjugate of)
SL,.Z. In particular, if T is co-compact, any volume preserving affine action

on a compact Riemannian n-manifold is finite.

The main result in the present paper extends the above theorem as it also

accounts for n + 1-dimensional manifolds. We show:

THEOREM 0.2: Let M be a compact, connected, Riemannian manifold and T
a lattice in SL,R, n > 3. Let us assume that I" acts on M as a group of C*®
diffeomorphisms preserving the Levi-Civita connection. We assume moreover
that the action does not preserve any smooth Riemannian metric. Then, by
possibly having to pass to a finite index subgroup of T, the following holds:

(1) If dim M = n, there exists a finite Riemannian covering M' of M, a finite
extension I' of T, and a smooth affine action of I' on M' lifting the I'-
action equivariantly, so that the latter (the I' action on M') is smoothly
conjugate to a linear action of I’ on T® = R*/Z". The diffeomorphism
¢ : T* — M’ that conjugates the two actions is affine and M is itself a flat
torus.

(2) Ifdim M = n+1, there exists as before an action of I' on M' that lifts the
action of T on M to a finite covering M' of M, which is smoothly conjugate
to a linear action on T*t1. M is a flat manifold fibered over a flat torus,
whose fibers form a D-invariant family of closed geodesics. Therefore the
action factors through the quotient M/T", to which the description in (1)
applies.

In fact, more can be said: If I' acts isometrically and the action is not finite,
then dim(Iso(M)) > n? — 1 (see [Z3]). Our main concern, here, is the case when
the action of T’ exhibits some form of hyperbolic behaviour, in which case no
metric can be preserved.

Theorem 0.2 will follow after we establish the proposition given below. We
denote by Ty the derivative map of a function v and X7 = (Ty)X o 471, for a
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vector field X, and a diffeomorphism v of M. We shall say that an affine con-
nection V has bounded parallel transport if the operator describing parallel

transport along any path is bounded in norm by a (path independent) constant.

PROPOSITION 0.3: Let M be a compact, connected manifold and T' a lattice in
SL.R, n > 3. Assume that I acts on M as a group of C* diffeomorphisms
preserving a C! torsion free connection V with bounded parallel transport. As-

sume moreover that the action does not preserve a Riemannian metric. Then the

following holds:

1)

2)

Ifdim M = n, M is a V-flat torus and the action is linear in the following
sense: There exists (i) a finite covering M' of M (of order < 2" ) and a finite
extension I'' of I' that lifts equivariantly the action of ' to M', (ii) a frame
of commuting C! vector fields X,... ,X, on M', (iii) an automorphism a
of SL,R, (iv) a subgroup T of I of index < 2 such that for all y € T,

n
X7 =Y ai(nX;.

j=1
Moreover the action of I' on M has a fixed point.
Ifdim M = n+1, we have: (i) M is V-flat and it is a fiber bundle over a flat
n-torus whose fibers are geodesically imbedded circles T'. The action maps
fibers to fibers, so it factors through the quotient M/T?, a flat n-torus. M
possesses a ['-invariant, n-dimensional foliation transversal to the foliation
by circles, consisting of flat leaves and carrying a C! smooth, I-invariant,
transverse measure. If M is orientable, it is a flat n + 1-dimensional torus.
(ii) The action is linear in the following sense: There exists a finite covering
M' of M of order < 2"t} commuting, C? vector fields X1,...,Xn41 on M’
which are parallel with respect to the connection lifted from M, a finite
extension I of T' (by the group of deck transformations) that acts on M'
equivariantly and a group homomorphism A : I — SL,R of the form

_ N €i1a 0
A== (9 2)
where a is an automorphism of SL,R and €; and e; are homomorphisms
into {+1, -1}, so that for any v € T"

n+1
X1 =Y" Au(n)X;.
i=1
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Moreover, by possibly having to pass to a finite index subgroup of T, the
action of I on M has a fixed point.

Remarks 0.4: 1. We expect that a result similar to Theorem 0.2 and Proposition
0.3 should hold for dimM < N, where N is the minimum integer > n equal to
the dimension of some representation of SL,R (the fibers of the foliation over M
would be totally geodesic, compact submanifolds such that the quotient would
still be a flat torus). In fact, most of the argument used below applies to this
case and only at the end, in section 4, we use k = 1 in order to characterize the
holonomy maps of that foliation as the Poincaré’s return map of a flow. This
device introduces technical simplifications but does not seem to be essential to
the proof.

2. The reason for assuming that the action preserves a Riemannian connection
(or a connection with bounded parallel transport, as in the proposition) instead
of a more general affine connection can be seen in Lemma 2.4. We believe that
the property of having bounded parallel transport is automatically verified under
the assumptions of the theorem. We plan to expand on this remark in a future
work.

3. Many of the ideas employed here can be made to work for a C° connec-
tion, and it is natural to ask whether the theorem could be proven under this
weaker assumption. Thus, flatness would have to be characterized in terms of
the holonomy group and the linearizing frame in Proposition 0.3 would be only
continuous. From such a C° frame one could try to derive (by an argument per-
haps similar to the one shown at the end of this section) a C° conjugacy between
the initial action and a linear action. Results in [H] or [KL2] then will imply that
the conjugacy is actually C°.

4. Another question that arises is whether the n-dimensional foliation, referred
to in Proposition 0.3 item (2), has a closed leaf. In that case it would follow from
the proof of the proposition that all leaves are closed. One could then try to
show that M is covered by a product T" x T! and that the action decomposes
as a product (T acting finitely on T?).

5. At moments along the proof there arises the need to orient certain line fields
and find fixed points for the actions. These are the main reason for complicat-
ing the statements of the above theorems by introducing finite coverings, finite
extensions of I', and subgroups of finite index. Perhaps a more careful analysis
will render some of these details unnecessary. a
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We conclude this section with a simple remark that shows how Theorem(0.2)
is reduced to Proposition(0.3).

Denote by ¢Y: M' — M' the flow of a vector field Y on M'. Since the C*
vector fields X; are linearly independent and commute, we obtain a locally free
action of R™t! on M':

(p:R"+l x M = M

Xn
‘p(tl,...,tn-}-l,x) =‘P§‘ 0'“0801,,_:1"(23)

By choosing 2o € M and considering its R"*!-orbit, we obtain a covering map
PR o M, p(t,.. . tas1) = @(t, -y tnt1, Z0)

Since M’ is compact, the isotropy subgroup A of z is a lattice of R®*!, hence it
is isomorphic to Z™*!. We thus obtain a diffeomorphism T**! ~ R"+! /A — M.
If we choose zp to be a fixed point for the action, then the diffeomorphism
constructed above is the conjugating diffeomorphism claimed in Theorem 0.2.
We thank S. Adams for suggesting several improvements on the original draft

and R. Zimmer for proposing the problem and for many helpful discussions.

1. Oseledec’s multiplicative ergodic theorem

One main ingredient in our proof is Oseledec’s theorem. The following version is
taken from [W, Theorem 10.4, p.234].

Given a differentiable manifold M and a homeomorphism f: M — M, denote
by B the o-algebra of Borel subsets of M and by M{M, f) the set of all f-invariant

probability measures on B.

PROPOSITION 1.1: Let f: M — M be a C! diffeomorphism of a compact,
smooth manifold M of dimension m. Choose a Riemannian metric on M and
let || - || denote its norm. There exists A € B such that f(A) = A, u(A) =1
for all p € M(M, f), and the following properties hold: There exist measurable,
f-invariant functions s: A — {1,...,m}, xit A - R where1 < i < s, and a

measurable decomposition
TMA\=E1®&--®E,

of the tangent bundle over A into f-invariant subbundles (Tf - E; = E; o f) such
that for all z € A, all v € Ei(z) \ {0}, 1 <t < s(z), we have

L1 notl = oy
i s ITSe = xi)
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The above decomposition and the functions x; are unique and do not depend on
the Riemannian metric chosen.

The above decomposition is called the Oseledec decomposition of f and
the functions x;, its Lyapunov exponents.

It can be shown that if instead of f we have k commuting C'diffeomorphisms
fiy---, fi, there exists a Oseledec decomposition common to all of them, in the
following sense. Denote by A the group generated by {fi,..., fi} and by M =
M(M, A) the set of probability measures on B invariant under each f;. Then
there exists A € B, f(A) = Aforall f € A p(A) =1forall p € M anda

measurable decomposition
TMis=E16---®E,

such that for each f € A having Oseledec decomposition TM = F1 & - - @ Fy we
have

F; = @Ek, Iyc{1,...,s}
kel;

It will be helpful also to view Oseledec’s theorem in a form that applies to cocy-
cles. First we give a few definitions. We denote by F(M) the bundle of all linear
frames on TM. Each frame will be regarded as a linear isomorphism o: R™ —
TM, for some z in M. The base point projection p: F(M) — M, p(a) = z,
defines a GL,R-principal bundle. Let p € M(M, f) and 0: M — F(M) a Borel
section of this bundle. Define a cocycle A: Z X M — GL,R as follows:

TF¥ o [o(2)] = o(f¥z) 0 Ak, z).

Since f is a diffeomorphism of a compact manifold, we can choose o so that
the positive parts log* ||A(£1,-)|| of log ||A(%1,-)|| are integrable, i.e. belong to
L(p, B, M). It now follows from Oseledec’s theorem, as stated in [R], that there

exists an f-invariant set A € B, u(A) =1, and for each z € A a decomposition
R™ = Wi(z) @+ ® Wyz)(2)

that depends measurably on z, for which

o1 .
Wim  —log || A(n, 2)ull = xi(2)
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for 0 # u € Wi(z). Moreover A(m,z)W;(z) = Wi(f™=z) for all z € A. The spaces
Ei(z) = o(2)W;(z) C TM, are the ones given in the previous proposition. Note
that if A takes values in a compact subgroup of GL.,R, all Lyapunov exponents
vanish.

Suppose that the cocycle A has the form

A
A=( 0 Am)

where A®M and A® are cocycles taking values in GLiR and GL,,_xR respec-
tively. Then it can be shown that the Lyapunov exponents of A are those of A1)
and A®,

At one point we shall need to consider a section o: M — F(M) whose associ-
ated cocycle A may have possibly nonintegrable log* ||A(£1,-))|. The following
lemma will be needed.

LEMMA 1.2: Let M be a compact, smooth manifold, f: M — M a C! diffeo-
morphism and u € M(M, f). Let o: M — F(M) be a Borel section of the frame
bundle over M and A: Z x M — GL,,R the associated cocycle for the Z-action
defined by f. Assume that there exists an f-invariant set Q € B, u(Q) = 1 and,

for each z € 1, a decomposition
R™ = Wi(z) @+ ® Wis)(2)
such that
xi(2) % lim ~log||A(n, )ul
! n—toon ?

exists and is the same for each u € Wi(z) \ {0}. Then, defining Ei(z) =
o(z)Wi(z), we have: The Oseledec decomposition for f agrees p-almost ev-
erywhere with Ey @ --- @ E, and the Lyapunov exponent of vectors in E; is

Xi,t=1,...,s.

Proof: The issue here is simply to verify that for y-a.e. z and all u € W;(z)\ {0}

.1 n
Jim —log||Tf7o(z)u|l = xi(=),

knowing that
.1
i Lloglla, 2l = xi(a)
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For each € > 0 we can find a subset Q, C € such that p(Q) > 1 — ¢ and o|q,
takes values in a compact subset of F(M). In particular, on Q, o is bounded in
the following sense: With respect to some Riemannian metric on M with norm
|l - ]| (and denoting by || - || the Euclidian norm in R™), there exists a constant
¢ > 1 such that for all ¥ € R™ and z € Q.

1
~lulle < llo(2)ull < clfulle.
Set Q. = Q. N A, where A is given in Proposition (1.1). For any =z € Q. and
u € Wi(z) \ {0} the limits
1 .
i Liog|Trro(aul

exist as is assured by Oseledec’s theorem (note that the limits exist for all u €
R™ \ {0}). So it suffices to verify their values for some subsequence n; — +oo
as i — +00. According to Poincaré’s recurrence Theorem, for a.e. z € Q there
exists a doubly infinite sequence {n; : ¢ € Z} such that f*i(z) € Q.. Now, by
definition of A,

1 .
EIIA("J)HII ST fo(z)u|| < cllA(n, z)ul|.
This implies
| = log [T f2 o(e)ull - — log | A(ni, 2)ull] < = loge
n; z n; v = n ’

from which (and since € > 0 is arbitrary) the lemma follows. 1

2. Invariant connections

Let M be a smooth manifold and p: E — M a smooth real vector bundle over M
of rank k. By an automorphism of E we mean a diffeomorphism f of E that
maps fibers into fibers and the restriction to each fiber is a linear isomorphism.
In particular there is a diffeomorphism f of M such that po f = f o p.

Denote by C"(E) the space of C™ sections of E and consider a connection
V:C™*YE) - C(T*M QE).

We shall use the following notation: Given X € C"(TM), £ € C™(E), and f
an automorphism of E covering the diffeomorphism f: M — M, we write

X' =(THoXof, ¢ =TFeof™, (VNxt=(Vxs&) .
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An automorphism  is said to be affine if V/ = V.

Denote by F(E) the GLiR-principal bundle of frames of E, a frame a € F(E)
being a linear isomorphism a: R — E,, z € M. The base point map will be
denoted p: F(E) —» M, p(a) = z. Let T be a group of automorphisms of E
and let o: M — F(E) be a section of the frame bundle. Let A: T x M — GLR
denote the corresponding cocycle, so that forally €T andz € M

o™(z) = Fo o(y7'2) = o() 0 A(1,77 '),

(the first equality defines 07 and the second one defines A) and the cocycle
relation

A(’YI'YZ’ I) = A(7l ) 721) o A(72v IB)
holds.

LEMMA 2.1: Let M be a connected, smooth manifold, E — M a smooth vector
bundle over M of rank k, and V a connection on E. Let T be a group of affine
automorphisms of E and : M — E a C', V-parallel section of F(E). Then
there exists a group homomorphism A: ' — GLiR such that for any v € T,
o7 =00 A(y).

Proof: We need only check that the cocycle A does not depend on z. For any
X € C®(TM), writeY = X',y €T. Then, if we set A,(z) = A(y,7'z) and
Lx A = the Lie derivative of A, along X,

0= (Vyo)'=Vxa" =Vx(oo0A,),
=(Vxo)oA,+00LxA,,

=ocolxA,.

Therefore Lx Ay = 0 for all X. So, as M is connected, Ay is constant. 1

Let V be a C™ (r > 0) connection on TM, for a smooth manifold M. Given
a C! path I: [t1,t2] = M, denote by Pi: TMj,) — TMy(,) the parallel trasport
operator along I. We say that V has bounded parallel transport if, for some
Riemannian metric on M, there exists a constant C' > 1 such that for any C!
path I and vector Z € TMy,,), we have ||PoZ|| < C||Z||. It immediately follows
that .
g2l <Pzl < CllZ]l.
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(Of course, if V is Riemannian we can take C =1 as P is then an isometry.)
We recall that a density on an m-dimensional manifold M is locally the absolute
value of an m-form.

LEMMA 2.2: Let M be a compact, connected, smooth manifold and T' a group
of diffeomorphisms of M. Assume that the diffeomorphisms are affine for a
C" (r 2 0) connection V on TM having bounded parallel transport. Then T
preserves a V-parallel volume density which is CT-differentiable.

Proof: Consider the line bundle p: E = A™(T*M) - M, m = dimM. Given
v € E\ {0}, z = p(v), and any C? loop I: [0,1] — M based at z, we claim that

Py = v,

In fact, define ¢ by the equation Piv = cv. Then if [,, denotes the loop that
turns n times around [, we have P v = c"™v. But since V has bounded parallel
transport, we must have ¢ = 1. In this way, we can define a density p on M by
parallel transporting v to all other points in M. By construction p is V-parallel.
Lemma 2.1 implies that for all f € T, pf = ¢'p, where ¢ = ¢'(f) is a positive

constant. But since M is compact and f a diffeomorphism,

0</pf=/p<oo,
M M

hence ¢’ = 1. That p is C" follows from the fact that parallel transport is locally
determined by a linear system of O.D.E.s with C" coefficients (the Cristoffel sym-
bols of the C7 connection) and one has C* dependence of solutions on parameters.
1

LEMMA 2.3: Let f: M — M be a diffeomorphism preserving a C° connection V
on TM. Let I [t1,t;] = M be a C? path. Then

T fity) © Pt = Pgor o T fyay)-
Proof: Follows immediately from V/ = V. 1

LEMMA 2.4: Let f: M — M be a diffeomorphism of a connected, compact,
smooth manifold M. Assume that f preserves a C" connection V (r > 0) with
bounded parallel transport. Then the Oseledec decomposition of f is defined

everywhere and is V-parallel. In particular, it is a C"-decomposition.

Proof: Let z € A, A as in Proposition (1.1). Let x3,...,Xxs be the exponents at
z and TM, = E;(2)®- - - @ E,(z) the Oseledec decomposition at z. Let y be any



Vol. 79, 1992 ACTIONS OF LATTICES IN SL,R 11

other point in M and I: [t;,t3] — M a smooth path connecting = to y. Denote by
Ei(y) the parallel transport of E;(z) along I. Then for every Z € Ei(y), Z # 0,
we can find Z’' € E;(z) \ {0} such that, for all integers n

TfrZ = Tf*PZ' = PpnoaiTf22Z'

(where the second equality is due to Lemma 2.3). Since V has bounded parallel
transport, there exists C' > 1 such that for all integers n

1
ST 2N < PrmaT 22 S CUTF2Z').

Therefore &||Tf2Z'|| < |Tf7Z|| < C|ITf22'||, from which we obtain

.1 n
Jm  —log||ITfyZ]| = xi.

In particular, the parallel transport of E;(z) to y does not depend on the path
chosen between z and y since the characterization of Ei(y) given by the last
equation does not involve the path. To establish C" differentiability we invoke,
as in Lemma 2.2, the C" dependence of solutions of O.D.E.s on parameters. |

3. Zimmer’s superrigidity theorem for cocycles

As before, we denote by p: F(M) — M the frame bundle over a smooth, m-
dimensional manifold M. If T is a group of diffeomorphisms of M, it also acts
by automorphisms of F(M):

(7,0) T x F(M) - Ty 00 € F(M),

where ¢ = p(o) and we recall that o is viewed as a linear isomorphism R™ —
TM,. Let A: T x M - GL,R denote the cocycle of an action of T on M,
obtained by considering a Borel section o: M — F(M). H the action of T
preserves a (measurable) subbundle E of TM of dimension ! and o is a section
of p adapted to E (i.e., for almost every z € M, (o(z)ey,...,0(z)e;) spans E,

where (e1,...,em) is the standard basis of R™), then the associated cocycle has

AN (5, 2 *
Ah’z):( g{ ) A(’)(%z))

the form



12 R. FERES Isr. J. Math.

where A(1) and A} are cocycles taking values in GL;R and GL,,_ R, respectively.
Conversely if for some section of p the cocycle takes the above form, there exists
a I'-invariant subbundle of dimension [, given by

z € M - o(z)L, L =span{ey,...,e}.

If M is orientable and v is a volume form preserved by I', then ' acts as a
group of automorphisms of the SL,,R-principal bundle P C F(M) consisting of
all ¢ € F(M) for which v(oe;,...,0em) = 1. Let u be an ergodic invariant
measure for the action of I'. Two sections o and ¢’ of P are said to be equivalent
if there is a Borel function ¢: M — SL,R for which ¢' = ¢ 0 ¢ at u-almost
every point. Two cocycles are said to be equivalent if they are associated to
equivalent sections. It can be shown (see [Z2], where a more general statement is
proven) that an algebraic R-group L C SL,, exists with the following property:
A is equivalent to a cocycle taking values in Lg but there is no equivalent cocycle
taking values in L'g for a R-group L’ which is a proper R-subgroup of L. Lp is
unique up to conjugacy in SL,,R and its conjugacy class is the algebraic hull
of the cocycle. The algebraic hull is compact if any of its representatives Lp is.
The algebraic hull for the invariant volume v can be defined as a map from the
ergodic components of ¥ to conjugacy classes of algebraic subgroups of SL,R.

The following proposition is a consequence of the superrigidity theorem for
cocycles ([Z2], [Z3]).

PROPOSITION 3.1:

(1) Let M be an oriented, compact, smooth manifold of dimensionm =n + k,
k=0,1. Let v be a volume form and T a lattice in SL,R,n > 3. Assume
that I acts on M via diffeomorphisms that preserve v. Let u be an ergodic
component of the measure defined by v and A: T x M — SL,,R the cocycle
for T associated to some measurable section of P. Assume that the algebraic
hull of A is not compact. Then there exists a measurable section of P,
0: M — P, and an automorphism a of SL,R such that for y-almost every
z € M and all v € T, the cocycle associated with o has either one of the
following two forms:

e(y,)a B,z A(y,z B(v,z
N QU ) ) G it )
where A is a cocycle taking values in a compact subgroup of GLR, € a

cocycle taking values in {+1}, and a an automorphism of SL,R.
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(2) Consider the same conditions as in part (1), except that the algebraic hull
of A is now assumed compact. Assume moreover that the diffeomorphisms
in T are affine for a C° connection V. Then the action preserves a smooth

invariant metric.

In order to state next lemma we need a few remarks.

(1) A theorem in [P-R] implies that, for any lattice I' C SL,R, one can find
a Cartan subgroup H of SL,R for which H/H NT is compact. It follows
that there exists a free abelian group A C I' of rank n — 1 whose elements
are simultaneously diagonalizable over R.

(2) The group of automorphisms of SL,R is generated by the conjugations
g — g* = hgh™!, h € SL,R and a(g) = (¢*)!. In particular, if A is a free
abelian subgroup of SL,R of rank n — 1 which is diagonalizable over R, so

is a(A) for any automorphism a.

LEMMA 3.2: Let {v;,...,v,} be a basis of R" consisting of simultaneous eigen-
vectors of a(A), where a is some automorphism of SL,R. Define \;: A — R\ {0}
by the equation a(y)v; = Ai(y)v; for all v € A. Then

1) Mo =1

(2) Givenm = (my,... ,my) € Z", define

AT = A e AT ()-

Then given finitely many integer vectors m®, ... m{(" all different from
+(1,...,1), and any permutation s: {1,...,n} — {1,... ,n}, we can find
v € A such that /\m(')('y) # 41, forall1 <t <n and

1< ’\9(1)(7) << )‘a(n—l)(7)a 1> ’\a(n)(7)'
Proof: (1) follows from det a(y) = 1 and (2) from the co-compactness of A in
some Cartan subgroup of SL,R. |

Let 0: M — P be the section of the bundle P obtained in Proposition 3.1 (we
assume that the matrix on the left occurs; the other case is similar) and v; as in the
previous lemma. Define the measurable vector fields X;(z) = o(z)vi, 1 <i < n.
Then for all v € A we have

Tv:Xi(z) = (7, 2)Ai(7)Xi(vz)
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where € € {£1}. In fact,

Ty:Xi(z) = Tyz0(z)vi = o(yz) 0 A(7,z)vi
= a(yz)e(y, z)a()vi = (7, 2)Ai(y)o(yz)vi
= e(7, D)Mi(V)Xi(72).

In particular, applying Proposition 1.1, we obtain the following lemma.

LEMMA 3.3: Assume the conditions of Proposition 3.1, item (1). The action of
A on M has Oseledec decomposition given by Ey @ - -+ @ Eyn4+1, where E; = RX;
fori =1,---,n and E,41 is a k-dimensional subbundle. Moreover for all vy € A
and p-almost every x, we have

.1 n _ )
Jlim ~log [Ty2Xi(z)| = log [\i(x)l

.1 n
Jim - log|ITvzZ]| =0, VZ € Epya(x)\ {0}.

LEMMA 3.4:

(1) Let M be a connected, compact, smooth manifold of dimension m = n+k,
k = 0,1. Let ' be a lattice in SL,R,n > 3. Assume that T" acts on
M by affine diffeomorphisms for a C7, torsion-free connection V (r > 0)
with bounded parallel transport. If the action does not preserve a smooth
Riemannian metric, there exists a C" decomposition of TM, TM = E; &
«++ @ Ep41, which agrees with the one in Lemmma (3.3) almost everywhere.
Here we havedim E; = 1 fori =1,--- ,n, dim E,4; = k, all subbundles are
V-parallel and A-invariant. The subbundle E definedas E = E1®---® E,
is I'-invariant.

(2) If we also assume that k = 1 and r > 1, the following holds: There ex-
ists a finite covering M' of M, whose group D of deck transformations has
cardinality |D| < 2"*!, and a frame of C" vector fields X1, -+ , Xn41 de-
fined on M' which are V-parallel (for the connection lifted from M, still
denoted V) so, in particular, M is V-flat. T’ denotes the finite extension
of T' by D, acting equivariantly on M' by V-affine diffeomorphisms and
a: M' — F(M') the section of F(M') defined by o(z)e; = X, then there
exists a homomorphism A : ' — GL,41R so that

T o [o(x)] = o(z) o [A(Y)),
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for all z € M' and v € T'. Moreover, after a change of basis, A has the

form (1)av)
_ [ a(y)aly 0
A('Y) = ( 0 62(7)) )
where a is an automorphism of SL,R and €; and ¢; are homomorphisms
into {£1}.
(3) The vector fields Xi,...,Xnt1 in item (2) commute: [X;, X;] =0 for all ¢
and j.

Proof: Item (1) follows from Lemmas 2.4 and 3.3. As for item (2), let Xi(z) be
any nonzero vector in E;(z). Since E; is parallel, for any C! loop I: [0,1] - M
based at z, P.X;(z) = c;(!1)Xi(z) for some number ¢;(!). Since V has bounded
parallel transport, ¢;(I) = £1 and, by continuity, the value depends only on the

homotopy class [I]. Therefore we obtain a group homomorphism

(c1y-- senp1):m(M,2) 2 ZJ2Z x -+- X L[2Z

——

n+1 times

The kernel of this homormorphism defines a finite normal covering of M where
Xi(z) can be extended to a globally defined vector field using parallel transport
(note that X; is defined on M only up to sign). Lemma 2.1 implies that, with
respect to the frame on M’ defined by X1, --- , Xp41, the cocycle for the I'' action
does not depend on z, so it defines a homomorphism A: I — GL,4 R, which

(A +1 =*
A‘(o ¢1)°’<0 A1>'

Let m : I' — T denote the projection. We wish to show that after postcomposition

must be of the form

with an automorphism of GL,41R, there exist homomorphisms €;,€e5: TV — {+1}
such that, for all 4' € IV, we have

i ’
A = a(y)r(v') 0 .
o= (20yE 0
(We thank S. Adams for providing the details of the remaining argument.)
Let H' denote the Zariski closure of the image of the map A: I’ — GLg4
and let H := H'/A(ker 7). The composition of A: ¥ — H' with the projection

H' — H gives a map that factors to a map I' = H. According to Proposition
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3.1, part 2, A(I") is not finite. It follows that Hpg is not finite. By [M, Theorem
6.15(i)(a), p. 332], H is semisimple. Let I'® denote the preimage of the identity
component H® of H; I'? is normal in T'.

Let L := H®/Z(H®) denote the quotient of H? by its center. It is a consequence
of [Z3, Theorem 3.8] that no R-simple factor of L is R-anisotropic. By [M,
Theorem 5.6, conclusion (b), p. 228] (applied to each R-simple factor of L), the
map I' — Lg extends to a continuous homomorphism SL,R — Lg. This, in
turn, extends to an R-homomorphism SL,, — L. Since SL, is algebraically simply
connected, we may lift this to a homomorphism SL, — H®. Composing this with
the inclusion H® C H'/A(ker ) and applying algebraic simple connectedness
again, we lift to an R-homomorphism SL,, — H' € GLy41.

By the classification of representations of infinite image of SL, in n + 1 di-
mensions, we see that, after post composing with an automorphism of GL,41,
the image of SL,, in GLp41 lies in the diagonal blocked matrix group SL, x {e}.
And, consequently, we may assume that A(I") lies in the normalizer in GL, 41 R
of SL,R x {e}. This normalizer is the group N := GL,R x GL;R. The compo-
sition of A : IY — N followed by the projection of the reductive group N to its
center has, by Kazhdan's property, precompact image. It follows that A(I") lies
in the diagonal blocked matrix group [{£1}SL.R] x {£1}.

Let B denote the composition of A with the projection [{£1}SL,R] x {+1} —
SL,R. Note that B(I') is not finite. We wish to show that, after postcomposing
B with an automorphism of GL,, there exists a homomorphism ¢ : I' — {*1}
such that, for all 7' € I, we have B(v') = n(y")e(v').

We now play the same game over again. The map I — SL,,/B(ker 7) factors
to . The Zariski closure H; of the image is infinite and the adjoint group of the
connected component has no R-anisotropic factors; we may therefore apply [M,
Theorem 5.6, conclusion (b}, p. 228] once again. This time, however, comparison
of dimensions shows that the image of ' in SLy/B(ker 7} is Zariski dense. It
follows that B has Zariski dense image. As kerw is normal in I" we conclude
that B(ker 7) is normal in SL,.

We thus see that the map B : I — SL, factors to a map C: I' — PSL,
with Zariski dense image. And, as we have seen, C' extends to a (surjective)
R-homomorphism SL,, — PSL,,. By postcomposing B with an automorphism of
SL,, we may assume that this extension of C is the natural map SL, — PSL,,.

We now have two maps B : IV — SL,R and n : I' - n C SL,R. The maps
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obtained by composing B and 7 with the projection SL,R — PSL,R coincide.
Therefore, by multiplying B by a homomorphism € : I — {£1}, we may assume
that B = 7, and we are done. |

4. Proof of Proposition 0.3

For the rest of this paper, we shall assume all the conditions (and consequences)
of Lemma 3.4 items (1) and (2). We shall focus attention on the action of a
single diffeomorphism 4 € A, which we choose to have the following properties:
The Oseledec decomposition for v (which is a C™ decomposition) is TM = E; @
<@ Eny1, E; = RX;, and TyX; = £eX X, o 4, where

Xn+1 =0, xn <0, 0< 1 <+ < Xn-1, X1+ +xXun=0.

That such 4 can be found follows from Lemmas 3.2 and 3.4. Since the vector fields

X (defined on M up to sign) commute pairwise, we have integrable subbundles:
B Y Epy, BY ¥ B9 ® Eney, E- ¥ E,, B ¥ P g B+, B~ ¥
E°@E",and E & E, ®---® E,. The corresponding foliations will be denoted:
£9, &*, £, %%, £9~, respectively. So (€9, &), (€F, £97), (-, £°F) are pairs
of transversal, C” foliations. Let F denote any of the above foliations and F(z)
the leaf of F through z € M. If B is a subset of M and z € B, denote by Fp(z)
the path connected component of F(z) N B that contains z.

By a foliation box we mean an open set B C M for which there exists a
homeomorphism h : DY x D™ x D° — B, where D° = D~ = the open unit
interval in R, D¥ = the open unit disc in R®~?, and the leaves of the foliations
by discs D*, D~, D° in Dt x D~ x D° correspond under k to the leaves of
Et, £, and £°. Forall z € B, y € £p(z), and z € £Y(z), define

def . 4
'Hg,y(z) = the unique point in £5(z) N £(y).

HY, : Ep(z) — E3(y) is a C™-diffeomorphism. Similarly define for z € B,
y € £F°(2), H:zt,y : Eg(x) — 8§(y) and for y € £%(z), H,,y : EB(z) — EB(y). For
a fixed ¢ € B, these maps define C" projections 7%: B — £§(z), v = +,0,—,
and

(7,77 ,72): B — Ef(2) x E5(z) x E§(z)

is a C" diffeomorphism. If M’ is a covering of M, the lift to M’ of the above
foliations will continue to be denoted by the same symbols.
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LEMMA 4.1: Let M' be any finite covering of M. Then M' contains a dense set

of points P with the following property: For any = € P there exists k = k(z) € N
such that v¥(£%(z)) = £%(z).

Proof: This fact follows from a standard dynamical argument, which we repro-
duce here. First note that for any X € E*(z) and Y € E~(z),

T4 X0 < X, A= emminxans) < 1

ITv=YI < pllYl,p =€ <1

Here || - || is the norm associated to the Riemannian metric for which {X;} is
orthonormal. In particular, ify € £¥(z) and d(z,y) denotes the distance function
determined by integrating || - || we have

d(v7*z,77*y) < Ad(z,y), ify € EF(x),

d(v*z,v*y) < p*d(z,y), ifye€ € (z)

Poincaré’s recurrence theorem ([W]) asserts that for any measurable S C M
and almost all z € §, there are infinitely many n € N such that y™"(z) € S.
Let B be a foliation box, Uz¢(zo) a closed ball of radius 2e > 0 centered at zo,
entirely contained in B. Let z € Uc(z¢) for which we can find ny,nz,--- € N
so that y~™(z) € Uc(zo). Since y~! contracts distances in £+, we can find
n; sufficiently large so that 4™ (Uze(z0) N €} (x0)) has diameter < ¢, hence it
is contained in Usz(z9). By projecting points of 7y~ (Uze(zo) N 8;(10)) into
Uze(zo) N EF(x0) via m}, we have constructed a continuous map of a closed disc
in Eg(xo) into itself. But such a map must have a fixed point, say y € B, for
which y~"(£7%(y)) = €7%(y), or

YH(E(Y)) = €7°®).
A similar argument shows that there exists z € B and k € N for which
YHEY(2)) = E°(2).

If ¢ denotes the minimum common multiple of k and n;, and z € B is any point
in £+%(z) N £7%(y), then 79(€%(z)) = £%(z). Since the size of B can be chosen

arbitrarily small, the lemma follows. [ §
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LEMMA 4.2: M is a fiber bundle over a flat n-dimensional torus with I'-invariant
fibers which are diffeomorphic to T!, so that the action factors through the
quotient M/T! = T".

Proof: Let M' be the covering of M given in Lemma 3.4 item (2). We first
show that M’ is a T!-principal bundle over a closed manifold N whose fibers are
[-invariant. We note that the vector field X°, denoted X, 4 in that lemma, is
I-invariant, so the main point here is to verify that its integral lines (the leaves
of £%) close up into circles.

Denote by ¢f: M' — M' the flow of Y = ) X1 + -+ - + an X + 00 X°, where
ay, a; are constants. Also define the volume form w = X} A--- A X A X%, and
the form v = X{ A--- A X, v being a volume form on the leaves of £. The
connection V, the foliations, w, and v are all go}’-invariant, a fact that readily
follows from the commutation of the above vector fields. Let D denote an open
disc contained in a leaf of £. Poincaré’s recurrence theorem implies that almost
all z € D (say, with respect to v) is a recurrent point for the flow ¢, = X ‘It
follows from the existence of a recurrent point that all points of D are recurrent.
In fact, if £ € D and if for 1,23, -+ — oo we have ¢ (z) € D and ¢ (z) — =,
then for any vector field Y as above and y & oY (z),

0 (y) = v (p) (2)) = 0f (pu(z)) = 0f (z) = y.

In particular, due to Lemma 4.1, there is a recurrent point z of ¢; in D and a
number k = k(z) € N\ {0} for which v¥(£°(z)) = £°(z). For such a point one
has 7*(z) = ¢,(z) for some 7 € R. Define the diffeomorphism h = ¢_, o 4*.
Then h has the following properties:

(1) h(z) ==z, h:E(x) — E(z) is a diffeomorphism,

(2) X} = ). X;, where \; = e*Xi (since ; preserves X;, and -y has the claimed
property)

(3) hoyws, = ps0h for all s € R (since v preserves Xy). We claim that
there exists to € R for which ¢y (z) = z. In fact let ¢y, () be a sequence
converging to z. Then ¢y;(z) = ¢, (he) = hpy(z). So we have a sequence
of points converging to z, all of which are fixed by h. On the other hand (2)
implies that any fixed point of hl¢(,) is hyperbolic. But a hyperbolic fixed
point is isolated (a consequence of Grobman-Hartman’s Theorem [P-M]).
Therefore for some t; we have ¢y, (z) = z. (We learned this nice little trick
from A. Katok.)
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Let tp be the smallest positive number for which ¢,(z) = x. Since ¢, com-
mutes with any other ¢V, it follows that ¢, is the identity (and to the smallest
positive number for which for any other y ¢¢,(y) = y). Denote T! = R/t,Z.
Then T! acts freely on M’ according to the expression

(t(mod to),z) € T x M' — pu(z) € M',

and the orbits of this action are [V-invariant. By projecting under the covering
map p: M' — M we see that M itself is fibered by I-invariant circles (although
the action of T! may no longer be defined in M since X° may be defined only up
to sign). h factors through the quotient and, due to (2) above, it defines there
an Anosov diffeomorphism. It follows from [F] that M/T? is homeomorphic to a
torus, hence diffeomorphic to a V-flat torus.

The existence of a fixed point for the action of T' on M/T follows from [H,
Theorem 2.22] (in the terminology of that paper, we have shown that this is a
Cartan action). Therefore I fixes a fiber of M/T. According to Theorem 0.1,
the action of T' on the fixed fiber must be finite. So there exists a finite index
subgroup of ' which fixes a point in M (in fact, the whole fiber). ]

Proposition 0.3 follows now from Lemmas 3.4 and 4.2.
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